Inelastic form factors to alpha particle condensate states 
in 12 C and 16 O: what can we learn ? 
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In order to discuss the spatial extention of the 0^" state of 12 C (Hoyle state), we analyze the 
inelastic form factor of electron scattering to the Hoyle state, which our 3a condensate wave function 
reproduces very well like previous 3a RGM/GCM models. The analysis is made by varying the size 
of the Hoyle state artificially. As a result, we find that only the maximum value of the form factor 
sensitively depends on its size, while the positions of maximum and minimum are almost unchanged. 
This size dependence is found to come from a characteristic feature of the transition density from 
the ground state to the Hoyle state. We further show the theoretical predictions of the inelastic 
form factor to the 2^~ state of 12 C, which was recently observed above the Hoyle state, and of the 
inelastic form factor to the calculated 0^" state of le O, which was conjectured to correspond to the 
4a condensed state in previous theoretical work by the present authors. 
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In this short communication we want to report on our 
calculation of the elastic and inelastic form factors for 
ground and Hoyle states in 12 C. We also make predictions 
for the inelastic form factors, 0^ — > 2\ in 12 C and 0^ — > 
a-condensate state in 16 O. 

As we have shown previously, our alpha particle wave 
function, published in 0, 0] , very nicely reproduces on 
the one hand some experimental data in 12 C and on the 
other hand it is in close agreement with calculated re- 
sults of Kamimura et al. 0, Gj. It is therefore not so 
surprising that our wave function also reproduces very 
well the elastic and inelastic (Of — > 0^) form factors in 
12 C as this was the case in This gives quite definite 
support to our interpretation of the Hoyle state as being 
a condensate of almost independent alpha particles 0,U 

The form factor is obtained by performing the Fourier 
transformation of the transition density as follows, 
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Here a 2 = 0.43 fm 2 is taken as the finite proton size, 
which is the same as adopted in Ref. and jj(qr) is 
the J-th order spherical Bessel function. The transition 
density p/q (r) is given as, 

P ( j.l(r) = {H= k \^Kr-ri)Mzl)IY* JM {r), (2) 
j=i 

where the ground and Hoyle states can be obtained by 
solving the following Hill- Wheeler equation, 
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We here use the same notation for the alpha condensate 
wave function, $^ J_0 ( / 9) as was done in Ref. Jjj. The 
Hamiltonian H is the same as used in Ref. 0, 0- The 
ground and Hoyle states correspond to the cases of A = 1 
and A = 2 in Eq. respectively. 

Our results are shown in FIG.n an( i we gi ye our nu ~ 
merical values in Table [I] Reflecting the fact that our 
wave functions of the ground state and the state are 
almost equivalent to those given in Ref. 0] using res- 
onating group method (RGM), our elastic and inelastic 
(0]*~ — > Oj) form factors almost completely agree with 
those given in Ref. ||. In FIG. |3 we predict the in- 
elastic form factor to the 2^ state which is obtained in 
Ref. by using the 3a condensate wave functions. This 
state was recently observed at 2.6 ± 0.3 MeV above the 
three alpha threshold @, though the exsistence of this 
state has been suggested for a long time from the theo- 
retical point of view . Recently this state was carefully 
investigated by the present authors showing that the 
2% state is intimately related to the 0^" state which is 
interpreted as the 3a Bose-condensate state. 

We now make a study of the sensitivity of the inelastic 
form factor with respect to some theoretical ingredients 
of our theory. A quantity of prime interest is the spatial 
extention of the Hoyle state which is predicted from our 
studies to have a volume 3 to 4 times as large as the 
one of the ground state of 12 C. We therefore repeated 
the calculation of the inelastic form factor in varying the 
size parameter of the Hoyle state. The calculation can be 
done as shown in Ref. [2| by adopting as the Hoyle state 
the wave function, *j_(/3) = Pl$^' 7=0 (/3), where P± is 
defined as the projection operator onto the orthogonal 
space to the ground state: 
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Here the parameter (3 corresponds to the spatial exten- 
tion of the alpha condensate. In FIG. 13 the form factors 
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TABLE I: Numerical values of elastic (upper row) and inelastic (lower row) form factors in 12 C. 
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FIG. 1: (Color online) (a): Experimental values of elastic 
form factor in 12 C are compared with our values obtained by 
solving the Hill- Wheeler equation Eq. © for WjjzJ. The re- 
sult given in Ref. Q using resonating group method (RGM) 
is also shown, (b): Experimental values of inelastic form fac- 
tor in 12 C to the Hoyle state are compared with our values 
obtained by using the Hoyle state wave function ^'1=2 an d 
those given in Ref. Q (RGM). The experimental values are 
taken from Ref 0. 



FIG. 2: (a): Theoretical prediction of inelastic form factor to 
the 2% state of 12 C using the wave function of 0. (b): The 
form factor shown in (a) is plotted as a function of q in linear 
scale for ordinate. 



from the ground state to the Hoyle state calculated at 
several (3 = (f3 x , (3 y , j3 z ) values are shown. Short-hand 
notations /3 = j3 x =_§ y = Pz and (3 1 := (0 X = (3 y ,(3 z ) = 
(5.27 fm, 1.37 fm) [l(| are used here and in the following. 
The corresponding r.m.s. radii are shown in parenthc- 
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FIG. 3: (Color online) (a): The inelastic form factors to the 
Hoyle state are plotted as a function of q 2 . The wave function 
ty±(f3) is adopted as the Hoyle state, the size of which is 
artificially changed by varying the values of the parameter (3. 
j3 is defined as /3 = j3 x = (3 V = j3 z and f5 1 denotes (/3 X — 
P v ,f3 z ) = (5.27 fm, 1.37 fm) [5J. The result using the wave 
functions of ground and Hoyle states which are obtained by 
solving the Hill- Wheeler equation is denoted by HW. (b): The 
form factors shown in (a) are replotted as a function of q in 
linear scale for ordinate. The r.m.s. radii corresponding to 
9± {P) are shown in parentheses. Units of all numbers are in 
fm. 



ses. We see that the overall structure of the form factor 
is not very much affected by artificially changing the ra- 
dius of the Hoyle state, i.e. for instance the position of 
the minimum is only changed in very slight proportions. 
However, we can see that the amplitude decreases as the 
r.m.s radius of the 0^" state increases. In order to see 
how sensitively the height of the first maximum depends 
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FIG. 4: The ratio of the value of maximum height, the- 
ory versus experiment, for the inelastic form factor, i.e. 
max|i ? (g)| 2 /max|F([7)|c Xp , is plotted as a function of S, which 
is defined as 5 — (R — Rq)/Rq. R and R$ are the r.m.s. 
radii corresponding to ^x(/3 — f3 x — /3 y = /3 Z ) and ^&x(/3 1 ), 
respectively. Here Ro = 3.78 fm. Unit of j3 is in fm. 



on the r.m.s. 



radius of the 0^" state, we plot on FIG. Q] 



the variation of this height with respect to the size of the 
Hoyle state and we see that this height changes strongly 
when the r.m.s radius of the 0^" state is changed. It is 
therefore allowed to say that the measurement of the in- 
elastic form factor of a-particle condensate states allows 
via our model wave function to deduce the radius of such 
a state. We should note that the wave function of the 0^" 
state ^x=2 can be described rather well by ^±(/3) as far 
as reasonable (3 values are adopted. The squared overlap 
between ^{zl and *±(/3) amounts to 99.2% at f3 = f3 v 
Due to this almost complete equivalence between both 
wave functions, an d ^±((^1), we understand that 

the corresponding inelastic form factors obtained by us- 
ing both wave functions, i.e. denoted by HW and (3 X in 
FIG. El almost completely agree with one another. As for 
the other choices of /3, ^>±(f3) also has a reasonably large 
amount of squared overlap with ^x=2' i- e - 64.4%, 90.1%, 
and 81.8% at /3 = 2.69 fm, 3.76 fm, and 5.27 fm, respec- 
tively. It should be emphasized that the fact that the 
wave function ^ which is parametrized by (3 is more 
or less a good approximation of the 0^ state guarantees 
the validity of the above discussion of size dependence. 

We can analyze the reason for these features of the 
form factor in the following simple way. In FIG. |S] we 
show the transition density r 2 p^ (r) for different val- 
ues of (3. Due to the orthogonality between ^jz® and 
P±$3 a J=0 (l3) one has the relation r 2 p { ° 2 ] 0i (r)dr = 0. 

We note that the position of the node of r 2 p^ Qi (r) at 
r ~ 2.5 fm and the point where this transition density 
drops approximately to zero, i.e. at r w 6.0 fm, do not 
depend on the various values of f3. Also the feature of an 
approximate odd function around the nodal point holds 
for all /3-values. It clearly can be concluded that one can 
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approximately write 



(6) 



where > is independent of r and a decreasing 

function of /3, whereas Pq\. (r) is independent of f3. This 
means that the form factor F(q) just changes amplitude 
but not shape when the size of the Hoyle state is varied. 
This analysis is completely consistent with the features 
seen in FIG. El 
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FIG. 5: (Color online) Transition densities defined in Eq. © 
multiplied by r 2 , i.e. r 2 pg^ 0i (r), corresponding to wave func- 
tions $j_(/3) with different /3(= /3 X — (3 y — /3 ? ) values. (3 1 is 
given by (J3 X = /3 y ,(3 z ) = (5.27 fm, 1.37 fm) llj . The r.m.s. 
radii corresponding to 9±(/3) are shown in parentheses. Units 
of all numbers are in fm. 

On these grounds we also want to make a prediction 
of the inelastic form factor to the a-condensate state in 
16 O. In FIG. HO we show this form factor calculated with 
the a-particle condensate wave function for 16 O deter- 
mined previously . This latter state is actually the 3rd 
+ state of our calculation whose energy is at E + = 14.1 

MeV. We see that the inelastic form factor for 16 O resem- 
bles very much in its structure the one of 12 C. The posi- 
tions of minimum and maximum are almost unchanged, 
while the height of the first maximum is relatively sup- 
pressed compared to the case of 12 C. A candidate of the 
4a condensate state may have been observed at 13.5 MeV 
with an alpha decay width of 0.8 MeV This new 

state is the 5th + state experimentally, corresponding 
to the 3rd + state of our calculation. An argument that 
in 16 the a-condensate state is around 13.5 MeV could 
go as follows: It is well known that the second + state in 
16 at 6.06 MeV has a structure of an a-particle orbiting 
in an S'-wave around an 12 C-core 0,^2^3- Exciting this 
12 C-core to the Hoyle state we find the excitation energy 
7.65 MeV + 6.06 MeV = 13.71 MeV. Of course, this close 
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FIG. 6: (a): Inelastic form factor in 1 O to the 4a condensate 
state as obtained from the wave function corresponding to 
the third eigen energy state in Ref. (b): The form factor 
shown in (a) is plotted as a function of q in linear scale for 
ordinate. 



agreement may be a pure coincidence and more experi- 
mental evidences are needed. 

The experimental determination of the corresponding 
form factor would be highly welcome and an eventual 
agreement with our calculated result, we think, a clear 
indication of the dilute a-particle structure of the corre- 
sponding + state in 16 O. 

In conclusion, we showed that, without adjustable pa- 
rameters, our proposed condensate wave function for al- 
pha particles l| nicely reproduces the experimental in- 
elastic form factor 0^ — » 0^ in 12 C. Together with its 
high sensitivity on the magnitude of the Hoyle state with 
respect to its size and the reproduction of other experi- 
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mental data we believe that the almost ideal Bose 

condensate nature of the Hoyle state is now firmly estab- 
lished. We also made predictions for the inelastic form 
factor to the 2 J state in 12 C which we interpreted in 
as a quadrupole particle-hole excitation of the Hoyle 
state. A prediction of the form factor 0^ — > a condensate 
state in 16 O is also presented and it is argued that an ex- 
perimental confirmation of this form factor undoubtedly 
would reveal the condensate character of the correspond- 
ing state. 
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